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Abstract
Let X be a Tychonoff space, H(X) the group of all self-homeomorphisms of X with the usual
composition and e : (f, x) ∈ H(X) × X → f (x) ∈ X the evaluation function. Topologies on H(X)
providing continuity of the evaluation function are called admissible. Topologies on H(X) compati-
ble with the group operations are called group topologies. Whenever X is locally compact T2, there is
the minimum among all admissible group topologies on H(X). That can be described simply as a set-
open topology, further agreeing with the compact-open topology if X is also locally connected. We
show the same result in two essentially different cases of rim-compactness. The former one, where
X is rim-compact T2 and locally connected. The latter one, where X agrees with the rational number
space Q equipped with the euclidean topology. In the first case the minimal admissible group topol-
ogy on H(X) is the closed-open topology determined by all closed sets with compact boundaries
contained in some component of X. Moreover, whenever X is also separable metric, it is Polish. In
the rational case the minimal admissible group topology on H(Q) is just the closed-open topology.
In both cases the minimal admissible group topology on H(X) is closely linked to the Freudenthal
compactification of X. The Freudenthal compactification in rim-compactness plays a key role as the
one-point compactification does in local compactness. In the rational case we investigate whether the
fine or Whitney topology on H(Q) induces an admissible group topology on H(Q) stronger than
the closed-open topology.
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Introduction
Let X be a topological space, H(X) the group of all self-homeomorphisms of X with
the usual composition as group operation and e : (f, x) ∈ H(X)×X → f (x) ∈ X the eval-
uation function. Topologies on H(X) providing continuity of the evaluation function are
called admissible. Topologies on H(X) compatible with the group operations are called
group topologies. Whenever X is compact T2, then the compact-open topology is an ad-
missible group topology on H(X). As a corollary, when X is Tychonoff, since H(X)
embeds as a subgroup in H(βX), where βX is the Stone– ˘Cech compactification of X,
H(X) always admits as admissible group topology the relativization of the compact-open
topology on H(βX). Arens proved in [4] the existence of the minimum among all admis-
sible group topologies on H(X), whenever X is locally compact T2. He naturally called
it the g-topology. The g-topology on H(X) has as subbase the collection of all sets of the
type:
[C,W ] = {f ∈ H(X): f (C) ⊂ W}, (1)
where C is closed, W is open in X and C or X − W is compact. He also proved that the
g-topology agrees with the compact-open topology if X is locally connected and locally
compact.
Since, as it is well known, if X is locally compact T2, H(X) embeds as a subgroup in
H(X∞), where X∞ is the one-point compactification of X, Birkhoff, as reported in [4],
suggested to see at the g-topology as relativization to H(X) of the compact-open topology
on H(X∞). The aim of this paper is to find conditions on X not involving local compact-
ness for the existence on H(X) of a minimal admissible group topology. We show first
that whenever γ (X) is a T2-compactification of X to which any self-homeomorphism of
X continuously extends then the relativization to H(X) of the compact-open topology in
H(γ (X)), which we will denote τγ (X), is an admissible group topology whose two-sided
uniformity is complete. Then it comes as a natural idea to weaken local compactness into
rim-compactness, since to a rim-compact T2 space X is attached the Freudenthal compact-
ification F(X) [1,10,15], to which any self-homeomorphism of X continuously extends.
The group topology τF induced by F(X) on H(X) has a simple description as a set-open
topology. It admits as subbasic open sets all sets [C,W ], as in (1), but where now C is a
closed set with compact boundary in X and again W is open in X. But rim-compactness by
alone is not enough to assure the admissible group topology τF determined by the Freuden-
thal compactification to be the minimum. As counterexample we can consider the space N
of natural numbers whose Freudenthal compactification agrees with its Stone– ˘Cech com-
pactification. The group topology induced on H(N) by F(N) is the closed-open topology
which differs from the compact-open topology which in the case is the g-topology. But,
if X agrees with the rational number space Q equipped with the euclidean topology, we
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which is just the closed-open topology, realizes the minimum. Naturally, the proof strategy
is based on the property: any two nonempty open subspaces of Q are homeomorphic, being
both homeomorphic to the same Q. Next, following an essentially different line, we show
that any locally connected rim-compact T2 space X provides on H(X) a minimal admis-
sible group topology which is Polish, i.e., completely metrizable and separable, whenever
X is also separable metric. And further if X is finite union of disjoint connected subspaces
that one is the group topology τF induced by F(X). To be on target we acquire first the
basic result: Whenever X is a rim-compact T2 space and its Freudenthal compactification
F(X) is locally connected at any ideal point then the admissible group topology τF in-
duced by F(X) on H(X) realizes the minimum. It is of this kind any rim-compact T2 space
X connected and locally connected [9], or locally connected and pseudocompact [7], or lo-
cally connected and admitting a n-point compactification but no (n+ 1)-compactification.
Naturally there exist rim-compact T2 spaces of that kind but not locally compact. Unfortu-
nately local compactness does not imply local connectedness of F(X) at the ideal points.
It is enough again to consider the space N of natural numbers whose Stone– ˘Cech com-
pactification, as known, is not locally connected at any of its points [23]. We will prove
that in local compactness the property of X of having F(X) locally connected at any ideal
point is equivalent to local connectedness of X in F(X) which is generally stronger than
it. For locally connected spaces whose Freudenthal compactification has a finite growth,
as in the case of the real line or more generally of connected non compact Lie groups,
the g-topology coincides with the group topology induced by the Freudenthal compacti-
fication. Whenever X is a locally connected rim-compact T2 space, by using essentially
the basic previous result, we construct in two steps a T2-compactification of X,γ (X), in
which γ (X)−X zero-dimensionally embeds and to which any self-homeomorphism of X
continuously extends. At the first step,X comes densely embedded in the disjoint union of
the Freudenthal compactifications of its components, c(X), which is a locally compact T2
space to which any self-homeomorphism of X continuously extends. At the second step in
turn c(X) comes embedded in its one-point compactification γ (X) which is just the T2-
compactification of X which we were looking for. In fact, τγ (X) is the minimum among all
admissible group topologies on H(X). It is the set-open topology determined by all closed
sets with compact boundaries contained in some component of X and furthermore satisfies
all the above already cited properties. Naturally the previous construction is inclusive of
the locally compact case but in that case is evidently redundant. In the end we motivate
the singularity of the rational case and investigate whether the fine or Whitney topology on
H(Q) induces an admissible group topology on H(Q) strictly finer than the closed-open
topology. In conclusion I wish to say that the idea to generalize the classical Arens’s result
came from the proximal nature of the g-topology [12,18]. Whenever X is locally compact
T2, the g-topology on H(X) is very close to the one-point compactification of X which
induces naturally on X the Efremovic proximity: Given any two subsets in X, C, W , “C
is strictly contained in W” iff C, X − W do not intersect and at least one of them is com-
pact. But limiting this paper to consider only T2-compactifications which are topological
invariants the proximal formulation is kept out.
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We start by recalling some necessary background about continuous convergence and
related topics. Remind that if (Λ,), (M,′) are directed sets, then Λ × M admits as a
direction () defined by:
(λ,μ) () (λ¯, μ¯) ⇐⇒ λ λ¯, μ′ μ¯. (2)
From now on, whenever {fλ}λ∈Λ is a net in H(X) and {xμ}μ∈M is a net in X, then
{fλ(xμ)}(λ,μ)∈Λ×M stands for the net in X determined by Λ×M with direction ().
A net {fλ}λ∈Λ in H(X) continuously converges to f ∈ H(X), in short {fλ}λ∈Λ c.c→ f ,
iff whenever a net {xμ}μ∈M → x in X, then {fλ(xμ)}(λ,μ)∈Λ×M → f (x) in X.
• Topologies on H(X) providing continuity of the evaluation function e : (f, x) ∈
H(X) × X → f (x) ∈ X are called admissible.
Proposition 1.1. Any admissible topology on H(X) induces a convergence that implies
continuous convergence [5].
Proposition 1.2. Let (X,U) be a Weil uniform space [14,24]. Then the topology of uniform
convergence on H(X) is admissible [13].
• Topologies on H(X) compatible with the group operations are called group topologies.
Proposition 1.3. Let (X,U) be a Weil uniform space. Then the topology of uniform conver-
gence on H(X) provides continuity of the product at (i, i), where i is the identity function
of X.
Proposition 1.4. Let X be a compact T2 space. Then the compact-open topology on H(X)
is an admissible group topology on H(X) having its two-sided uniformity complete [4].
Furthermore, it is exactly the topology of continuous convergence [5,13].
Proposition 1.5. Let (X,d) be a compact metric space and dˆ the supmetric determined by
d on H(X). Then the metric d∗, defined by the formula:
d∗(f, g) = max{dˆ(f, g), dˆ(f−1, g−1)}, f, g ∈ H(X)
induces, as dˆ does, the compact-open topology on H(X), metrizes the two-sided uniformity
so making H(X) into a Polish space [6,4].
Whenever X is a Tychonoff space, there is an admissible group topology on H(X),
deriving by the compact-open topology on H(βX), as already observed in the introduc-
tion. But whenever X is a locally compact T2 space the g-topology introduced by Arens
in [4], see (1), is the minimal admissible group topology. Since any self-homeomorphism
of X continuously extends to its one-point compactification X∞, and the g-topology is
induced by the compact-open topology of H(X∞), or in other words is the uniform topol-
ogy induced by X∞, it is natural to investigate the behavior of those uniform topologies
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tends [2]. So we suppose X to be Tychonoff and say that a T2-compactification of X,γ (X),
to which any self-homeomorphism of X continuously extends has the lifting property. Then
we proceed to get properties of relativizations of compact-open topologies related to T2-
compactifications with the lifting property which more strongly suggest those ones to be
the right setting to explore. If we use the symbol ˆ to indicate the lifting of homeomor-
phisms from X to γ (X), then the compact-open topology on H(γ (X)) induces on H(X)
the following convergence:
{fλ}λ∈Λ → f in τγ (X) iff
{
fˆλ
}
λ∈Λ continuously converges to fˆ
or in short{
fˆλ
}
λ∈Λ
c.c→ fˆ .
Anyway, there is always on H(X) a minimal convergence structure which provides
continuity of the evaluation function and both the group operations. It is assigned by the
formula:
{fλ}λ∈Λ → f iff {fλ}λ∈Λ c.c→ f and
{
f−1λ
}
λ∈Λ
c.c→ f−1.
The natural notation for it is as g-convergence. The g-convergence is not topological in
general [20,21].
• Of course, any admissible group topology on H(X) induces a convergence which
implies the g-convergence.
Theorem 1.6. Let γ (X) be a T2-compactification of X with the lifting property. Then the
relativization τγ (X) to H(X) of the compact-open topology on H(γ (X)) is an admissible
group topology on H(X).
Proof. First, any self-homeomorphism f of X extends to a self-homeomorphism fˆ
of γ (X). In fact, both fˆ ◦ (fˆ−1) and (fˆ−1) ◦ fˆ coincide with the identity function on
a dense subset. Thus (fˆ )−1 = (fˆ−1). The algebraic aspect is simple: the lifting function
f ∈ H(X) → fˆ ∈ H(γ (X)) embeds H(X) as a subgroup in H(γ (X)). Any subgroup
of a topological group equipped with the subspace topology is itself a topological group.
Finally admissibility comes from Proposition 1.4. 
Theorem 1.7. Let γ (X) be a T2-compactification of X with the lifting property. Then the
two-sided uniformity associated to the group topology τγ (X) induced by γ (X) is complete.
Proof. From Proposition 1.4 it is enough to prove that H(X) embeds in H(γ (X))
equipped with the compact-open topology as a closed subspace. Any f ∗ ∈ H(γ (X)) ap-
proximated by a net of liftings {fˆλ}, {fλ} ∈ H(X), is itself a lifting. Precisely it is the
lifting of its own restriction to X, which is a homeomorphism admitting as its inverse the
restriction to X of the inverse of f ∗. 
Remind that whenever X is a Tychonoff, locally compact T2, rim-compact T2 space
any self-homeomorphism extends to a self-homeomorphism of its Stone– ˘Cech compact-
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respectively. In other words βX, X∞, F(X) when they make sense are all compactifica-
tions of X with the lifting property. Then it comes as a natural idea to focus our attention
on rim-compact T2 spaces and in particular on their Freudenthal compactification.
A space X is rim-compact or peripherically compact or semicompact if any point has
arbitrarily small neighborhoods whose boundaries are compact. For example, removing
from a compact metric space a totally disconnected Fσ -set is a way to produce rim-compact
T2 spaces [25]. Of course, 0-dimensional spaces are rim-compact.
We briefly summarize the characters of the Freudenthal compactification which we will
refer to. Let X be a rim-compact T2 space. Its Freudenthal compactification F(X) [1,11,
15] is the unique (up to homeomorphisms) T2-compactification of X with the following
properties:
(1) The growth F(X)−X is zero-dimensionally embedded in F(X), i.e., any point in the
growth F(X) −X has arbitrarily small neighborhoods whose boundaries lie in X.
(2) F(X) is maximal with respect to (1). That is, if γ (X) is a T2-compactification of X
whose growth γ (X) − X is zero-dimensionally embedded in γ (X), then the identity
function of X has a continuous extension from F(X) to γ (X).
Following Morita [17], the Freudenthal compactification can be described as the com-
pletion of the totally bounded uniformity determined by the covering uniformity gen-
erated from all binary coverings {X − A,X − B}, where A and B are open sets with
compact boundaries. Following Dickman [10], it can be functionally described as the T2-
compactification induced from the collection of all continuous functions f :X → [0,1] for
which the set B(f ) = {t ∈ [0,1]: Fr(f−1(t)) contains a compact set K that disconnects
X in two nonempty open sets A and B such that f (A) ⊂ [0, t] and f (B) ⊂ [t,1]} is dense
in [0,1]. The Freudenthal compactification F(X) is the Wallmann compactification gener-
ated by the collection of all regularly open sets of X with compact boundaries [19]. Finally,
following Isbell [15], the Freudenthal compactification is the Smirnov compactification as-
sociated to the Freudenthal proximity: two closed sets are far iff they can be separated by
a compact set.
The Freudenthal compactification is perfect. A compactification γ (X) of a space X is
perfect if for each point x ∈ γ (X) − X and each open neighborhood U of x in γ (X) the
set U ∩ X is not disjoint union of two open sets V and W such that x ∈ Clγ (X)(V ) ∩
Clγ (X)(W). The Freudenthal compactification is the unique perfect in which γ (X) − X
zero-dimensionally embeds.
Furthermore, we remark the two following properties. Any homeomorphism between
any two rim-compact spaces extends to a homeomorphism between their Freudenthal com-
pactifications. If X is rim-compact T2 connected and locally connected, then its Freuden-
thal compactification is locally connected.
Since we are now able to give a very simple description as set-open topologies for τβX,
whenever X is normal, and for τF , we recall that a set-open topology on H(X) admits as
subbasic open sets those sets of the type [3]:
[C,W ] = {f ∈ H(X): f (C) ⊂ W},
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over all closed sets in X then we get the closed-open topology.
In proving both the following results we use the property deriving from denseness of X
in any of its compactifications γ (X): when W is an open set in γ (X), then Clγ (X)(W) =
Clγ (X)(W ∩ X).
Theorem 1.8. When X is T4, the relativization τβX to H(X) of the compact-open topology
on H(βX) is the closed-open topology.
Proof. The closed-open topology is weaker than τβX . Suppose f ∈ H(X) and f ∈ [C,A]
where C is closed and A is open in X. From normality we can select a continuous
function h :X → [0,1] so that h(f (C)) = 0 and h(X − A) = 1. It follows that f ∈
[(h ◦ f )−1(0),X − h−1(1)] and if hˆ is the lifting of h to βX then fˆ ∈ [(hˆ ◦ fˆ )−1(0),
βX− hˆ−1(1)]. But more if gˆ ∈ [(hˆ◦ fˆ )−1(0), βX− hˆ−1(1)] it is easy to see that g ∈ [C,A].
Vice versa. Suppose fˆ ∈ [K,W ] where K is compact and W is open in βX. Select in βX
two open sets U , V so that K ⊂ U ⊂ ClβX(U) ⊂ fˆ−1(V ) ⊂ ClβX(fˆ−1(V )) ⊂ fˆ−1(W).
It follows that fˆ ∈ [ClβX U,V ] and f ∈ [ClβX(U) ∩ X,V ∩ X]. Naturally ClβX(U) ∩ X
is closed and V ∩ X is open in X. But more if g ∈ [ClβX(U) ∩ X,V ∩ X] it is easy to see
that gˆ ∈ [K,W ]. 
The next result is based essentially on the following facts, which hold in rim-compact
spaces.
• If a closed set C with compact boundary is contained in an open set A of X, then there
exists an open set B in X whose boundary is compact so that C ⊂ B and B∪FrB ⊂ A.
• Next, if K is a compact set in F(X) contained in an open set W in F(X) there always
exists an open set U in F(X) whose boundary is contained in X so that K ⊂ U ⊂
ClF(X)(U) ⊂ W .
• Finally, the closure in F(X) of any open set A in X whose boundary FrA is compact
admits as boundary in F(X) again FrA. So: Int(ClF(X)(A)) ∩X = A.
Theorem 1.9. Let X be a rim-compact T2 space. Then the relativization τF to H(X) of the
compact-open topology on H(F(X)) is a set-open topology. It admits as subbasic open
sets those ones of the type:
[C,W ] = {f ∈ H(X): f (C) ⊂ W},
where C runs in the family of all closed sets whose boundaries are compact and W runs in
the topology of X.
Proof. From the previous remarks we can consider with no loss of generality subbasic
open sets of the type [C,A] where C is the closure of an open set B in X with compact
boundary and A is an open set in X with compact boundary too. If f ∈ [C,A], then fˆ ∈
[ClF(X)(B), int(ClF(X)(A))]. And if gˆ ∈ [ClF(X)(B), int(ClF(X)(A))] it is easy to see that
g ∈ [ClF(X)(B)∩X, int(ClF(X)(A)∩X)] ⊂ [C,A]. Vice versa. If fˆ ∈ [K,W ] where K is
compact and W is open in F(X) with boundary contained in X then there exists an open
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f ∈ [ClF(X)(U) ∩ X,W ∩ X]. And if g ∈ [ClF(X)(U) ∩ X,W ∩ X] then it is easy to see
that gˆ ∈ [ClF(X)(U),W ] ⊂ [K,W ]. Naturally ClF(X)(U) ∩ X is a closed set in X whose
boundary is FrU , a compact subset of X, and W ∩X is an open set in X. 
2. Locally connected case
But we have no hope for minimality of τF without adding some more condition. In fact,
there are rim-compact T2 spaces whose Freudenthal compactification does not determine
a minimal admissible group topology. Let N be the space of natural numbers. Being N lo-
cally compact and locally connected,H(N) admits a minimal group topology which is just
the compact-open topology [4], while that one induced by the Freudenthal compactification
is just the closed-open topology, see Theorem 1.8. The closed-open topology is in this case
strictly finer than the compact-open topology on H(N). The neighborhood of the identity
function f in the closed-open topology [P,P ], where P is the set of all even integers, can-
not contain any neighborhood of f of the type [K1,W1]∩ · · ·∩ [Kn,Wn], with K1, . . . ,Kn
compact, hence finite, and W1, . . . ,Wn bounded open. Suppose
⋃
i=1,...,n Wi ⊂ [0,m] for
some odd integer m. Put:
g(n) = n, nm; g(m + h) = m + h − 1, h 2, h is even;
g(m + h) = m+ h + 1, h 1, h is odd.
Then g is in H(N) and in [K1,W1] ∩ · · · ∩ [Kn,Wn] but does not belong to [P,P ]. If
n > m, n is even and n = m + h, then h has to be odd and g(n) = n + 1 is odd.
For that we focus our attention on the class of rim-compact T2 spaces whose Freuden-
thal compactification is locally connected at any ideal point and look for relationship with
other topics. Naturally there exist rim-compact but not locally compact T2 spaces hav-
ing their Freudenthal compactification locally connected at any ideal point. We can give
as an example the subspace X obtained from I × I , the unit square in the plane, by
removing from it the points whose coordinates are both irrational. The space X is rim-
compact T2 but not locally compact. Moreover, its Freudenthal compactification is just
I × I .
Let X be a Tychonoff space and γ (X) a T2-compactification of X. The space X is lo-
cally connected in γ (X) provided that any point in γ (X)−X admits arbitrarily small open
neighborhoods U such that U ∩ X is connected [22]. Whenever a space X is connected,
locally connected, locally compact, second-countable T2, then X is locally connected in
F(X) (Freudenthal’s original construction). Naturally if X is locally connected in γ (X),
then γ (X) is locally connected at any ideal point.
Theorem 2.10. If X is a locally compact T2 space, then F(X) is locally connected at any
ideal point iff X is locally connected in it.
Proof. It depends essentially on two facts: F(X) is perfect and a locally compact T2 space
embeds as open subspace in any of its T2-compactifications. Suppose that x is an ideal
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U ∩ X has to be connected. Otherwise, if some U ∩ X splits in two open sets V and W ,
since both V and W are also open in F(X) then the two closed sets ClF(X)(V ), ClF(X)(W)
cannot intersect in U so disconnecting U . 
A final result about local compactness involving as particular case the real line and more
generally connected non compact Lie groups is:
Theorem 2.11. Let X be a rim-compact T2 and locally connected space. If F(X) is a
n-point compactification, then F(X) is locally connected at any ideal point.
Proof. A T2 space X has a T2 n-point compactification iff it is locally compact and
is union of a compact set K and n disjoint nonempty open sets A1, . . . ,An such that
K = X −⋃i=1,...,n Ai and K ∪Ai is not compact for any i. If |F(X)−X| = n there is no
(n+1)-compactification [7]. Any point in the growth F(X)−X belongs to ClF(X)(Ai) for
some i and admits arbitrarily small open neighborhoods whose traces on Ai have compact
complements in K ∪ Ai . In our case X has only finitely many components. It must have
exactly n distinct open non compact components, say A1, . . . ,An. So it decomposes as
K ∪A1 ∪ · · · ∪An, where K is the finite union of compact components, which is naturally
compact in turn. If x ∈ ClF(X)(Ai) ∩ F(X) − X had a basic disconnected open neighbor-
hood, its trace on Ai should be split in two disjoint open sets in Ai . Since Ai is connected
none of them can be closed, so none of them can be compact. But that should imply the
existence of a (n + 1)-compactification, a contradiction. 
Trying to capture minimality in local connectedness we get a previous basic result. But
first we explicitly remark that:
• if γ (X) is a T2-compactification of X with the lifting property we will use again the
symbol ˆ to indicate the lifting of homeomorphisms from X to γ (X),
• the compact-open topology on H(γ (X)) induces on H(X) the following convergence:
{fλ}λ∈Λ → f in τγ (X) iff
{
fˆλ
}
λ∈Λ
c.c→ fˆ ,
• fˆ (γ (X)− X) = γ (X)−X, for any f ∈ H(X).
Theorem 2.12. Whenever X is a rim-compact T2 space and its Freudenthal compactifica-
tion F(X) is locally connected at any ideal point, then the group topology τF induced on
H(X) from F(X) is the minimum in the class of all admissible group topologies on H(X).
Proof. Suppose τ to be an admissible group topology on H(X) and f the identity func-
tion on X. Since both τ and τF are group topologies, for τF ⊂ τ , it is enough to show that
any net which converges to f in τ has to converge to f in τF . If it were not, we should find
a net {fλ}λ∈∧ in H(X) which converges to the identity f in τ but not in τF . Consequently,
there should exist a subbasic open set [C,A] of f , where C is the closure of an open set B
with compact boundary so that fλ is outside [C,A] frequently. In other words we should
pick in C a point xλ for each λ in a cofinal subset Λ∗ in Λ so that fλ(xλ) is not in A. The
1876 A. Di Concilio / Topology and its Applications 153 (2006) 1867–1885net {xλ}λ∈Λ∗ should not accumulate in C otherwise by continuous convergence of {fλ}λ∈Λ
to f the net {fλ(xλ)}λ∈Λ∗ should accumulate in C, too. A contradiction. Therefore we had
to suppose with no loss of generality that {xλ}λ∈Λ∗ converges to an ideal point xˆ. Naturally
xˆ ∈ int ClF(X)(B). And we might select in int ClF(X)(B) a closed connected neighborhood
U of xˆ for which fˆλ(U) intersect int ClF(X)(B) eventually. The neighborhood U should
contain xλ say for any λ λU . Since {fλ}λ∈Λ pointwise converges to f , we should have
that {fλ(xλU )}λ∈Λ converges to xλU and then fλ(xλU ) ∈ fˆλ(U) ∩ int ClF(X)(B) eventu-
ally. On the other hand fˆλ(U) should not intersect FrB , which is also the boundary of
int ClF(X)(B), frequently. If it were so, we could find in Λ a cofinal subset Λ∗∗ so that for
each λ ∈ Λ∗∗ there should exist zˆλ ∈ U for which fˆλ(zˆλ) ∈ FrB which lies in X. More,
it should follow zˆλ = zλ ∈ X and fˆλ(zˆλ) = fλ(zλ) ∈ X, for each λ ∈ Λ∗∗. Since FrB
is compact we could suppose with no loss of generality that {fλ(zλ)}λ∈Λ∗∗ converges to
a point z ∈ FrB . As a consequence we would have {zλ = f−1λ (fλ(zλ))}λ∈Λ∗∗ → z. But
then it should follow that U and FrB intersect, a contradiction. Therefore fˆλ(U) is even-
tually contained in int ClF(X)(B) ∪ (FX − ClF(X)(B)) and further, by connectedness of
any fˆλ(U), eventually contained in int ClF(X)(B). Consequently fλ(xλ) is eventually in
int ClF(X)(B) ∩X = B ⊂ A, a contradiction. 
A relationship with local compactness resides in the:
Corollary 2.13. If X is a locally connected space and its Freudenthal compactification
has only a finite number of ideal points, then the group topology induced by the one-point
compactification and the Freudenthal compactification agree.
The above result (Theorem 2.12) is a simple but significant particular case in a more
general context in which unfortunately the group topologies do not have a simple descrip-
tion and a convergence strategy, even tough rather technical, has to be managed. In fact:
Theorem 2.14. If X is rim-compact T2 and admits a T2-compactification γ (X) with the lift-
ing property, locally connected at any ideal point, in which γ (X) − X zero-dimensionally
embeds, then the group topology τγ (X) induced by γ (X) on H(X) is the minimum of all
admissible group topologies on H(X).
Proof. To get the result we will show that τγ (X) induces just the g-convergence. To this
end it will be enough to show that when a net {fλ}λ∈Λ in H(X) g-converges to the iden-
tity function f , then {fˆλ}λ∈Λ c.c→ fˆ . That is whenever a net {xˆμ}μ∈M → xˆ in γ (X), then
{fˆλ(xˆμ)}(λ,μ) → xˆ again in γ (X). We distinguish two essentially different cases: xˆ is in X
or not. In the former one, where xˆ = x ∈ X, we can reduce to the following two possibili-
ties:
(1) xˆμ = xμ ∈ X, ∀μ ∈ M or
(2) xˆμ ∈ γ (X)−X, ∀μ ∈ M .
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While if (2) holds our strategy is so. First we select for each μ ∈ M a net in X, {xμ,t }t∈Tμ ,
approximating xˆμ. After that, for each neighborhood U of x in γ (X) we pick an index
μu such that xˆμ ∈ U, ∀μ > μu. We observe that for each μ > μu there exists an index
t (μ,U) ∈ Tμ for which xμ,t ∈ U when t > t (μ,U). Trying to organize this matter in a
useful order we consider then the set Ω = {(V ,μ, t): V is a neighborhood of x in γ (X),
μ ∈ M and μ > μV , t ∈ Tμ and t > t (μ,V )} and introduce in it the following direction:
(V ,μ, t) (W, μ¯, t¯) ⇐⇒ W ⊂ V and W = V, or
W = V, μ μ¯ and μ = μ¯ or
W = V, μ = μ¯ and t  t¯ .
Naturally if (V ,μ, t) ∈ Ω then xμ,t ∈ V . Put x(V,μ,t) = xμ,t , ∀(V ,μ, t) ∈ Ω . It is simply
acquired that the net {x(V,μ,t)} converges to x in X. Thus also {fλ(x(V,μ,t))} converges to
x in X and so any neighborhood U of x in γ (X) has to contain a tail of it. This implies the
existence of some λU ∈ Λ and (W, μ¯, t¯) ∈ Ω such that whenever λ > λU and (V ,μ, t) >
(W, μ¯, t¯) it happens fλ(x(V,μ,t)) = fλ(xμ,t ) to be in U . At this point we limit our attention
only to those fλ(xW∩U,μ,t)) = fλ(xμ,t ) determined from indices μ, t where μ > μW∩U ,
μ > μ¯ and t > t (μ,W ∩ U). In fact for any such μ and for each λ ∈ Λ by continuity
fˆλ(xˆμ) is approximated in U from the net in {fλ(xμ,t )}t>t (μ,W∩U). Thus fˆλ(xˆμ) ∈ U for
each λ > λU and μ > μW∩U , μ > μ¯. Naturally in regularity, as is this the case, the starting
neighborhood U can be chosen closed.
In the latter case where xˆ ∈ γ (X)−X we again can reduce to the same two possibilities:
(i) xˆμ = xμ ∈ X, ∀μ ∈ M or
(ii) xˆμ ∈ γ (X)−X, ∀μ ∈ M .
If (i) holds, by hypothesis we can select in each open neighborhood U of xˆ in γ (X)
whose boundary is compact and contained in X, a closed connected neighborhood V of
xˆ for which fˆλ(V ) eventually intersects U . In fact there is an index μV so that xμ ∈ V ,
for each μ > μV . If we choose μ¯ > μV , since {fλ}λ∈Λ pointwise converges to f , we
have that {fλ(xμ¯)}λ∈Λ converges to xμ¯ and then fλ(xμ¯) ∈ fˆλ(V ) ∩ U eventually. On
the other hand fˆλ(V ) cannot intersect FrU , the boundary of U , frequently. If it were
so, we could find in Λ a cofinal subset Λ∗ so that for each λ ∈ Λ∗ there should ex-
ist xˆλ ∈ V for which fˆλ(xˆλ) ∈ FrU which lies in X. It should follow xˆλ = xλ ∈ X and
fˆλ(xˆλ) = fλ(xλ) ∈ X, for each λ ∈ Λ∗. Since FrU is compact we could suppose with no
loss of generality that {fλ(xλ)}λ∈Λ∗ converges to a point z ∈ FrU . As a consequence we
would have {xλ = f−1λ (fλ(xλ))}λ∈Λ∗ → z. Since z ∈ γ (X)− V¯ , then it should follow that
V and γ (X) − V¯ intersect, a contradiction. Therefore fˆλ(V ) is eventually contained in
U ∪ (γ (X) − U) and further by connectedness of any fˆλ(V ) eventually contained in U .
Consequently {fλ(xμ)}(λ,μ) is eventually in U . While if (ii) holds, if U and V are given
as in (i), again fˆλ(V ) intersects U eventually. It is sufficient to approximate any xˆμ with
a net in X, {xμ,t }t∈Tμ . Again xμ,t ∈ V for any μ greater than a convenient μV in M and
t greater than a convenient t (μ,V ) in Tμ. Whenever μ¯ > μV , from the previous proof,
{fλ(xμ¯,t )}λ∈Λ,t>t(μ¯,V ) → xˆμ¯. Thus we can find an index λV ∈ Λ and tV > t(μ¯,V ) so
1878 A. Di Concilio / Topology and its Applications 153 (2006) 1867–1885that fλ(xμ¯,t ) ∈ fˆλ(V ) ∩ U when λ > λV and t > tV . Then we proceed exactly as in the
case (i). 
By essentially using the previous basic result we state:
Theorem 2.15. Suppose X is a rim-compact T2 and locally connected space. Then:
• X embeds in a T2-compactification which induces on H(X) a minimal admissible
group topology τγ (X) whose two-sided uniformity is complete.
• τγ (X) is Polish, whenever X is separable metric.
• τγ (X) is the set-open topology determined by all closed sets with compact boundaries
contained in some component of X.
Proof. Firstly, observe that the space X is disjoint union of its components {Ci : i ∈ I }.
Any component Ci is rim-compact T2 connected and locally connected, so its Freudenthal
compactification F(Ci) is locally connected too. We distinguish two cases: there are only
finitely many components or not. In the former one, the disjoint union of their Freuden-
thal compactifications, being a perfect T2-compactification of X in which the growth
zero-dimensionally embeds, see [1], agrees with F(X). So in this case F(X) is locally
connected too and the basic Theorem 2.12 applies. In the latter case, again X densely em-
beds in the disjoint union, c(X) = ∑F(Ci), of the Freudenthal compactifications of its
components. Naturally c(X) is T2, locally connected, locally compact but not compact.
But then by adding to it one point, say xˆ, we have a T2-compactification of X, γ (X),
with the lifting property, in which γ (X) − X zero-dimensionally embeds, locally con-
nected everywhere with the only exception of xˆ. Any self-homeomorphism f of X can
be continuously lifted to γ (X) in just two steps. Any f ∈ H(X) takes homeomorphically
components to components but any homeomorphism between two rim-compact T2 spaces
can be lifted in a homeomorphism between their Freudenthal compactifications [1]. So any
f ∈ H(X) extends to fˆ ∈ H(c(X)) and in turn fˆ extends to f ∗ ∈ H(γ (X)). So defini-
tively f extends to f ∗. Any point in c(X) has to belong for some i to F(Ci), which is
an open subspace in c(X) and then in γ (X). Consequently it has arbitrarily small neigh-
borhoods whose boundaries are compact and lie in X. Further, the complements in γ (X)
of “F(Ci)’s” give arbitrarily small neighborhoods of xˆ with empty boundaries. Thus the
relativization τγ (X) to H(X) of the compact-open topology on H(γ (X)) is an admissible
group topology on H(X) whose two-sided uniformity is complete, see Theorems 1.6, 1.7.
It realizes the minimum. To this end it is enough to show that when τ is an admissible
group topology for H(X) and the net {fλ} in H(X) converges in τ to the identity function
then {f ∗λ } continuously converges to the identity function in H(γ (X)), where * denotes
the lifting to γ (X). We split the proof in two steps. At the first step we consider convergent
nets but not to xˆ. Suppose {xμ} → x and x ∈ F(Ci) for some i. Following as trace the
basic result, we can select in each open neighborhood U of x in F(Ci) whose boundary
is compact and contained in X, a closed connected neighborhood V of x for which fˆλ(V )
eventually intersects U and eventually does not intersect FrU and then eventually is con-
tained in U . So proving that fˆλ(xμ) eventually is in U and thus {fˆλ(xμ)} converges to x.
At the second step, when {xμ} converges to xˆ, we show directly that {f ∗(xμ)} convergesλ
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and a subnet {f ∗
λˆ
(xμˆ)} not belonging to it, so contained in F(Ci) and convergent for that
to a point naturally distinct from xˆ. In the end, since when {fλ} converges in τ to the
identity function, {f−1λ } does the same, it would follow that the net {fˆ−1λˆ (fˆλˆ(xμˆ)) = xμˆ}
had to converge towards two distinct points, a contradiction. Finally, if X is also separable
metric, the Freudenthal compactification of any of its components is completely metriz-
able [1] and c(X), as countable union of pairwise disjoint separable completely metrizable
spaces, is Polish. So in turn its one-point compactification γ (X). And Proposition 1.5, The-
orem 1.7 both essentially apply. In conclusion, τγ (X) is the set-open topology determined
by all closed sets of X with compact boundaries contained in some component of X. From
the Arens’s classical result [4], the topology induced on H(c(X)) by γ (X) which is the
one-point compactification of c(X) is the g-topology, see (1) in the introduction, but since
c(X) is locally connected it is just the compact-open topology [4]. Then it is crucial to
observe that any compact set in c(X) intersects only finitely many “F(Ci)” and the result
follows by applying Theorem 1.9. 
• Whenever X is finite union of disjoint connected subspaces, as in particular if X is
connected, the compactification γ (X) constructed in the previous proof agrees with
the Freudenthal compactification but it is generally different as in the natural case.
• Under local compactness the previous construction works but is evidently redundant.
Example. Let Rn, n ∈ N+, be obtained from the rectangle [0,1] × [rn,1/n], where
1/(n+1) < rn < 1/n after removing inside points whose coordinates are both rational. Put
R =⋃{Rn: n ∈ N+}. Add to R the segment I = {(x,0): 0 x  1}. Consider X = R ∪ I
as subspace in the euclidean plane. The space X is a rim-compact T2 space not locally com-
pact, not connected, not locally connected. Its Freudenthal compactification F(X) agrees
with the closure of the space R, then it is metrizable and locally connected at any ideal
point. So H(X) admits a minimal admissible group topology which is induced by the sup-
metric deriving by the euclidean metric on X.
3. The rational case
The rational case apparently is singular. First, H(Q) is a very big object: any two non-
empty open subspaces in Q are homeomorphic. Next, Arens proved: “Given an admissible
topology for the group of homeomorphisms H of the rational number system, one can con-
struct another admissible topology for H which is not weaker (but now not stronger) than
the first.” And more: the minimal convergence structure on H(Q) which provides conti-
nuity of the evaluation function and both the group operations, denoted as g-convergence
and assigned by requiring:
{fλ}λ∈Λ → f iff {fλ}λ∈Λ c.c→ f and
{
f−1λ
}
λ∈Λ
c.c→ f−1
unfortunately is not topological [20,21]. So in the beginning one has no clear indication and
fluctuates between arguments promoting existence or non-existence on H(Q) of a minimal
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non-existence. But on the other hand checking in details his construction or completing in
their minimal group topologies the uniform topologies induced from non-Archimedean
metric compactifications of Q anytime one runs into the closed-open topology which
is induced from the Stone– ˘Cech compactification which in the rational case is also the
Freudenthal compactification [23]. Two arguments seem to promote the existence. The fine
or Whitney topology on H(Q) determines an admissible group topology on H(Q) strictly
finer than the closed-open topology, as we will see later: so the closed-open topology is
not too fine. And the Stone– ˘Cech compactification is the only one T2-compactification of
Q with the lifting property for homeomorphisms as we will prove next: so the closed-open
topology is enough fine. In conclusion the closed-open topology is the minimum in the
class of admissible group topologies on H(Q).
Theorem 3.16. Let γ (Q) be an arbitrary T2-compactification of Q but distinct from βQ.
Then there always exists a self-homeomorphism of Q which does not continuously extend
to γ (Q).
Proof. Select a point xˆ in γ (Q)−Q and three clopen sets A1,B1,A2 pairwise disjoint so
that xˆ ∈ Clγ (Q) A1 ∩ Clγ (Q) B1 but xˆ /∈ Clγ (Q) A2. It can be done since γ (Q)−Q contains
more than one point and γ (Q) is not perfect. Then construct a self-homeomorphism h of
Q by choosing first a homeomorphism g which identifies A1 with A2 and then glueing
g and its inverse with the identity on Q − (A1 ∪ A2). The homeomorphism h does not
continuously extend at xˆ. 
Remind that Q is strongly zero-dimensional then rim-compact. Its Stone– ˘Cech com-
pactification is zero-dimensional and perfect, so it is also its Freudenthal compactification
[23]. The relativization to H(Q) of the compact-open topology on H(βQ) is the closed-
open topology as we have seen in Theorem 1.8.
Observe that if C is closed and A is open in Q and C ⊂ A there exists a clopen set E
such that C ⊂ E ⊂ A. For that the sets of the type:
[E,E] = {f ∈ H(Q): f (E) ⊂ E},
where E is a clopen set in Q give arbitrarily small neighborhoods at the identity function
of Q.
We show the main theorem in the rational case.
Theorem 3.17. Any admissible group topology τ on H(Q) is finer than the closed-open
topology.
Proof. If not, there should exist a net {fλ}λ∈Λ in H(Q) which converges to the identity f
in τ but not in the closed-open topology. Consequently we should find a clopen set E in
Q and a cofinal subset Λ∗ in Λ so that fλ is outside [E,E] whenever λ ∈ Λ∗. If a point x
were given in E, then the admissibility of τ should imply continuity of the evaluation
function in (f, x). That in turn should make possible to select a τ -neighborhood U of f
and a clopen set E1 containing x and strictly contained in E, so that anytime g ∈ U and
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eventually. Next we should proceed to construct a self-homeomorphism h of Q choosing
first a homeomorphism g which identifies E−E1 with E1, both nonempty clopen sets, and
then glueing g and its inverse g−1 with the restriction of the identity to Q−E. Thus, since
τ is a group topology, the net {h−1 ◦fλ ◦h}λ∈Λ∗ should converge in τ to the identity. Hence
for many “λ’s”, in Λ∗, h−1 ◦fλ ◦h should belong to U and then to [E1,E], a contradiction
since fλ(E − E1) ∩ (Q −E) = ∅ whenever λ ∈ Λ∗. 
Theorem 3.18. The closed-open topology on H(Q) is not separable.
Proof. If it were not so, then a countable collection {fn} of H(Q) should be dense. But
{fn} should determine a metrizable compactification γ (Q) of Q to which any fn should
be continuously extendable [8]. Then any fn should be uniformly continuous with respect
to the uniformity Uγ induced on Q by γ (Q). Naturally {fn} should be dense also in the
topology of uniform convergence induced by Uγ , which is weaker than the closed-open
topology. This should imply that any homeomorphism might be approximated by a net
extracted from {fn} and then uniformly continuous with respect to Uγ and so continuously
extendable to γ (Q). But this is a contradiction, see Theorem 3.16. 
• The fine group topology on H(Q).
We now investigate whether the fine, strong or Whitney topology on H(Q) [16] induces
naturally an admissible group topology on H(Q) strictly finer than the closed-open topol-
ogy. To make easier the relationship between the fine topology and the group operations
preliminarily we acquire the following two lemmas.
Let C(Q,R+) denote the set of all real-valued positive continuous functions on Q.
Lemma 3.19. Let ε ∈ C(Q,R+). Then there exists a locally constant function η ∈
C(Q,R+) such that η < ε.
Proof. For simplicity suppose ε ∈ C(Q,R+), bounded above and having as infimum zero
otherwise the result is trivial. Let ξo be a number greater than the supremum of ε(Q).
Countability of ε(Q) allows to find first a number ξ1, outside ε(Q), less than 12 and so
that ]ξ1, ξo[ do intersect ε(Q), then a number ξ2 in ]0, ξ1[, outside ε(Q), less than 122
and so that ]ξ2, ξ1[ do intersect ε(Q), and so proceeding at the step n a number ξn in
]0, ξn−1[, again outside ε(Q), less than 12n , so that ]ξn, ξn−1[ do intersect ε(Q). In this
way we construct a decreasing sequence which determines an open cover for ε(Q). In fact,
ε(Q) ⊂⋃n1]ξn, ξn−1[. If we put:
An =
{
x ∈ Q: ε(x) ∈ ]ξn, ξn−1[
}
, n 1,
we get a pairwise disjoint open cover of Q. After selecting a number cn in ]ξn+1, ξn[ for
each n  1, we can consider the constant functions η/An = cn, for each n  1 and then
glue them all together in a global but locally constant function η ∈ C(Q,R+). Finally
for each x ∈ Q we have η(x) < ε(x). Any x in Q belongs exactly to a unique An, so
η(x) = cn ∈ ]ξn+1, ξn[, while ε(x) ∈ ]ξn, ξn−1[. 
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ϕf,ε ∈ C(Q,R+) such that anytime x, y ∈ Q and |x − y| < ϕf,ε(x), then |f (x)− f (y)| <
ε(x).
Proof. Continuity of f implies for any given point x in Q the existence of a positive real
number r such that |f (y) − f (z)| < ε(x), whenever y, z ∈ ]x − r, x + r[. Let rx be the
minimum between the maximal radius for which this happens and 1. The real function
x ∈ Q → rx ∈ R is lower-semicontinuous. Given any r , 0 < r < 1, if rx > r , take s and t
so that the function ε be constant on ]x − s, x + s[ and
0 < s < t/2 < t < min[rx − r,1 − r].
If y ∈ ]x − s, x + s[, then ε(x) = ε(y) and ]x − r − t/2, x + r + t/2[ is contained in
]x − rx, x + rx[. Thus ry  r + t/2 > r and lower-semicontinuity is so acquired. Then
paracompactness of Q implies the existence of a real-valued continuous function ϕf,ε on
Q such that:
0 < ϕf,ε(x) < rx, ∀x ∈ Q.
Finally, if |x − y| < ϕf,ε(x) then y ∈ ]x − rx, x + rx[ and so |f (x) − f (y)| < ε(x), and
the result follows. 
Let ε ∈ C(Q,R+) and let d be the euclidean metric on Q. Denote:
U1(ε) =
{
(f, g) ∈ H(Q) × H(Q): d(f (x), g(x))< ε(x), ∀x ∈ Q}.
It is well known that {U1(ε): ε ∈ C(Q,R+)} is a base for a uniformity U1 on H(Q) which
induces the fine, or strong, or Whitney topology which is independent of the metric d since
Q is paracompact [16]. The fine or Whitney topology admits as typical basic neighbor-
hoods for any f :
U1(f, ε) =
{
g ∈ H(Q): d(f (x), g(x))< ε(x), ∀x ∈ Q},
where ε ∈ C(Q,R+).
Theorem 3.21. The fine topology on H(Q) provides continuity of the usual product
(f, g) ∈ H(Q) ×H(Q) → g ◦ f ∈ H(Q).
Proof. Let f,g ∈ H(Q) and ε ∈ C(Q,R+) and for simplicity locally constant. By Lem-
ma 3.20 it follows:
(1) h ∈ U1(f,ϕg, ε3 ◦f−1 ◦ f ) ⇒ d(g ◦ f (x), g ◦ h(x)) <
ε
3 ◦ f−1 ◦ f (x) = ε3 (x), ∀x ∈ Q.
(2) k ∈ U1(g, ε3 ◦ f−1) ⇒ d(g ◦ h(x), k ◦ h(x)) < ε3 ◦ f−1 ◦ h(x), ∀x ∈ Q.
(3) h ∈ U1(f,ϕ ε3 ◦f−1, ε3 ◦f−1 ◦ f ) ⇒ d(
ε
3 ◦ f−1 ◦ h(x), ε3 (x)) < ε3 (x), ∀x ∈ Q.
Thus, by taking h ∈ U1(f,ϕg, ε3 ◦f−1 ◦f )∩U1(f,ϕ ε3 ◦f−1, ε3 ◦f−1 ◦f ) and k ∈ U1(g,
ε
3 ◦f−1),
then we get k ◦ h ∈ U1(g ◦ f, ε). 
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ily verified that {U2(ε): ε ∈ C(Q,R+)} is a base for a uniformity U2 on H(Q), which
induces a topology providing, in analogy with the previous proof, continuity of the usual
product. Jointly U1,U2 generate a new uniformity U on H(Q) having as a basic diagonal
neighborhoods U(ε) = U1(ε) ∩ U2(ε), ε ∈ C(Q,R+).
The uniformity U induces a topology on H(Q) whose typical basic neighborhoods for
any f are
U(f, ε) = {g ∈ H(Q): max[d(f (x), g(x)), d(f−1(x), g−1(x))]< ε(x), ∀x ∈ Q},
where ε ∈ C(Q,R+).
We, justified from the following result, call it the fine group topology on H(Q).
Theorem 3.22. The topology generated by the base {U(f, ε): f ∈ H(Q), ε ∈ C(Q,R+)}
is an admissible group topology on H(Q).
Proof. Admissibility follows from containing the fine topology which is notoriously ad-
missible. Continuity of the inverse map is trivial. If f,g ∈ H(Q) and ε ∈ C(Q,R+) is
locally constant then it is enough to take
h ∈ U(f,ϕg, ε3 ◦f−1
)∩U(f,ϕ ε
3 ◦f−1, ε3 ◦f−1 ◦ f
)∩U
(
f,
ε
3
◦ f
)
and
k ∈ U
(
g,
ε
3
◦ f−1
)
∩U(g,ϕ ε
3 ◦g, ε3 ◦g ◦ g−1
)
to get k ◦ h ∈ U(g ◦ f, ε). 
Theorem 3.23. The fine group topology on H(Q) is strictly finer than the closed-open
topology.
Proof. It is enough to prove they are distinct. Let ε ∈ C(Q,R+) infinitesimal at infinity and
f be the identity map. Then U(f, ε) does not contain any basic neighborhood [N1,N1] ∩
· · ·∩[Nh,Nh], where N1, . . . ,Nh are all clopen, of f in the closed-open topology. Suppose
first that N1 ∪ · · · ∪Nh is bounded above (or below), then take a right-line (or left-line) on
which ε must be less than a fixed positive real number r , select in it two points x, y not in
N1 ∪N2 ∪· · ·∪Nh whose distance is greater than r and two small clopen sets around them.
Finally construct a homeomorphism h which sends x in y, any of the two clopen sets into
the other one and outside coincides with the identity. Then h is in [N1,N1]∩ · · ·∩ [Nh,Nh]
but not in U(f, ε), since d(x,h(x)) > r > ε(x). Second, there are two possibilities:
(a) there exists a clopen, for example N1, which is not bounded nor above neither below
or
(b) there exist two clopen sets, say N1 and N2 with N1 not bounded above and N2 not
bounded below.
1884 A. Di Concilio / Topology and its Applications 153 (2006) 1867–1885In the former case if N1 ∩ (Q − (N2 ∪ · · · ∪ Nh)) is not bounded the previous strategy
works. If not, then N1 ∩ (N2 ∪ · · ·∪Nh) is not bounded. For that at least one N1 ∩Ni is not
bounded. Say i = 2. Again if (N1 ∩N2)∩ (Q− (N3 ∪ · · · ∪Nh)) is not bounded apply the
previous strategy and stop. Otherwise proceed, but the process is finite. In the latter case
N1 ∪N2 is not bounded nor above neither below and you can work as before. 
Theorem 3.24. The fine group topology on H(Q) is not metrizable.
Proof. The first unavoidable verification resides in proving that the identity is not iso-
lated, otherwise we had discreteness and then metrizability. Any fine neighborhood U(f, ε)
contains homeomorphisms distinct from the identity f . By continuity ε can be supposed
greater than a positive number r on a clopen around 0. If we choose an irrational s so
that 0 < s < r
√
2
4 and ε(x) > r , whenever x ∈ ]−s, s[, then we can glue in a homeomor-
phism h the function g(x) = −x on ]−s, s[ and the identity outside. Naturally h ∈ U(f, ε)
since the distance between any two points in the interval centered at 0 and radius s
√
2
is less than r . Next, the identity has no countable neighborhood base. If a sequence
{U(f, εn): εn ∈ C(Q,R+), εn+1 < εn,∀n} of neighborhoods of the identity is given, any-
time it is possible to construct ε ∈ C(Q,R+) so that:
U(f, εn) ⊂ U(f, ε), ∀n ∈ N.
Let {xn} be a uniformly discrete sequence in Q. From continuity any εn is greater than
a positive number rn around xn. Let sn the irrational radius of a clopen around xn on
which that happens and 2sn > rn. By the Tietze Extension Theorem we can construct ε ∈
C(Q,R+) by requiring ε(xn) = sn2 for each n. For any fixed n, go around xn and make]xn − sn2 , xn + sn2 [ to slide on ]xn + sn2 , xn + sn[ and vice versa. So if we fix any other point
we have a homeomorphism fn. It is easy to show that fn ∈ U(f, εn) but fn /∈ U(f, ε). In
fact: d(fn(x), x) < 2sn < rn < ε(x) if x ∈ ]xn − sn, xn + sn[, but d(fn(xn), xn) > sn2 =
ε(xn). 
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